Inverse rigid-body dynamic analysis for a 3UPS-PRU parallel robot are conducted in this research. The position, velocity, acceleration, jerk, and singularity are considered in the inverse kinematics analysis. The rigid-body dynamic model is developed by means of the principle of virtual work and the concept of link Jacobian matrices. The driving torque, driving power, and required output work of motors have been computed in the inverse rigid-body dynamics analysis. For the pre-defined trajectory, the required output work generated by the driving motor is achieved by numerical integration technique. The inverse kinematics and rigid-body dynamics have been investigated in an exhaustive decoupled way. The effects of the velocity of the moving platform on the components of the joint acceleration, joint jerk, driving torque, and driving power, which are related to the velocity of the moving platform, are investigated. There are linear relationships between the acceleration of the moving platform and the components of the joint acceleration, joint jerk, driving torque, and driving power, which are related to the acceleration of the moving platform. The total driving torques, the torques related to the acceleration, velocity, and gravity, the torques related to the moving platform, strut connected with the moving platform, strut connected with the base platform, and motor rotor-coupler are calculated. The total driving powers, the powers related to the acceleration component of torque, velocity component of torque, gravity component of torque, and the powers related to the moving platform, strut connected with the moving platform, strut connected with the base platform, and motor rotor-coupler are also achieved.
Introduction
Parallel robots have been widely used in motion simulators, [1] [2] [3] high-speed operations, 4-6 machine tools, [7] [8] [9] and so on. In order to have excellent structural characters, the rigid-body dynamics should be considered in the design stage when the parallel robots are used with high load applications, high-speed operations, and/or high acceleration situations. 10 In the running process, the rigid-body dynamics should also be considered in order to pursue a good operating performance. 11 The rigidbody dynamics play an important role in the design stage and running process.
Many research works have been investigated on the rigid-body dynamics of the parallel robots. 4, 6, [8] [9] [10] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] Several mechanics approaches such as the virtual work principle, 4, 6, 10, [12] [13] [14] [15] [16] 20, [22] [23] [24] [25] [26] [27] the Newton-Euler method, rigid-body dynamic formulation of the parallel robots. Tsai 12 presents a systematic methodology for the inverse rigid-body dynamics of the Stewart-Gough manipulator based on the virtual work principle and the concept of link Jacobian matrices. Huang et al. 13 set up rigid-body dynamic model for a 2-degree-of-freedom (2-DOF) high-speed translational parallel manipulator with the virtual work principle and adopted the model for estimating servomotor parameters of a parallel robot for rapid pick-and-place operations using the singular value decomposition. Zhao et al. 14, 15 developed rigid-body dynamic models for the parallel robots considering jerk, power, and energy consumption. In addition, some of the models are also applied to the performance evaluation and the dynamic optimum design. Codourey 16 formulated the rigid-body dynamic model of the Delta robot and used for the computedtorque control. Theoretically, it can be concluded that there is no trouble in the formulation of the rigid-body dynamics for the parallel robots with the virtual work principle or even with other mechanics approaches. Much more attention has also been paid on the model accuracy, computation efficiency, and practical application. However, the existing work on the inverse kinematics and rigid-body dynamics of the parallel robots seldom considers the decoupling of the rigid-body dynamic model and the effects of the velocity and acceleration of the moving platform on the acceleration, jerk, driving torque, and driving power of the actuating joints.
The goal of the research presented in this article is to develop the analytic models for inverse kinematics and rigid-body dynamics of a 3UPS-PRU parallel robot considering the position, velocity, singularity, acceleration, jerk, driving torque, driving power, and energy consumption. Through the analytic models, the decoupling of the rigid-body dynamic model and the effects of the velocity and acceleration of the moving platform on the acceleration, jerk, driving torque, and driving power of the actuating joints are investigated. The article is organized as follows. The 3UPS-PRU parallel robot is explained in section ''3UPS-PRU parallel robot.'' The inverse kinematics and rigid-body dynamics are provided in sections ''Inverse kinematics'' and ''Inverse rigid-body dynamics,'' respectively. Computation example and conclusion are given in sections ''Example'' and ''Conclusion.''
3UPS-PRU parallel robot
The 3UPS-PRU parallel robot is shown in Figure 1 . This parallel robot is composed of a moving platform connected with the base platform through three identical UPS limbs and one PRU limb. The central PRU limb is fixed on the base platform. Here, the U, P, S, and R represent, respectively, a universal, prismatic, spherical, and revolute joint and underlined P (i.e. P) denotes an active prismatic joint driven by a servomotor. Due to the proper constraints of the central limb and the three external limbs, the moving platform has one translational and three rotational DOFs. The 3UPS-PRU parallel robot can be adopted to develop a motion simulator, rehabilitation appliance or used for other applications required for one translational and three rotational DOFs. The studied 3UPS-PRU parallel mechanism is used to build a hyper-redundant robot.
As shown in Figure 1 , the following coordinate systems are defined for the modeling of the rigid-body dynamics: the reference coordinate system B 0 À xyz is located at the center of the base platform, and the moving coordinate system A 0 À uvw is attached to the center of mass of the moving platform. The orientation of the moving platform can be described by a rotation matrix B 0 R A 0 . The rotation matrix can be defined by the parameters of roll, pitch, and yaw angle, namely, a rotation of f x about the fixed x-axis, a rotation f y about the fixed y-axis, and a rotation f z about the fixed z-axis. Thus, the rotation matrix
The angular velocity and acceleration of the moving platform are given by For the purpose of the rigid-body dynamic formulation, the local coordinate system of the ith limb is defined and shown in Figure 2 . The orientation of the ith limb with respect to the base platform can be described by two angles. It can be thought of as a rotation of f i about z-axis resulting in a B i À x 0 i y 0 i z 0 i coordinate system followed by another rotation of u i about the rotated y 0 i Àaxis. So the rotation matrix can be written as
The unit vector along the limb in the coordinate system B 0 À xyz is as follows
So the angles f i and u i can be computed as follows
Inverse kinematics
Position analysis
As shown in Figure 3 , the position equation associated with the ith limb can be written as
where q 0 , q i , w 0 , w i , a i , and b i denote the joint variable of the central limb, the joint variable of the ith limb, the unit vector along the central limb, the unit vector along the ith limb, the vector A 0 A i , and the vector B 0 B i , respectively. q 0 w 0 also represents the position vector of the moving platform. Taking norms on both sides of equation (7) leads to
Velocity analysis
Taking the derivative of equation (7) with respect to time, we get
where v i is the angular velocity vector of the ith limb and v is the angular velocity vector of the moving platform.
Taking the dot product of both sides of equation (9) with w i , we obtain
By rewriting equation (10) in the matrix form, we obtain
where 
where v is the linear velocity of the moving platform, _ x is the velocity vector of the moving platform, and J is the Jacobian matrix which maps the velocity vector of the moving platform into the joint velocity vector. There is a linear relationship between the velocity vector of the moving platform and the joint velocity vector.
The determinant of Jacobian matrix can be obtained from equation (15) det (J) = det
Based on the theorem of vector operation, the determinant of Jacobian matrix can be achieved as
where ( Á ) is the mixed product of vectors. The mixed product of vectors equals to zero when the three free vectors are in the same plane. So the determinant of Jacobian matrix equals to zero when any of the following conditions is satisfied.
It should be pointed out that the Jacobian matrix is a singular matrix in mathematics when the moving platform is parallel to the base platform and f z = 0 since the three vectors a 1 3 w 1 , a 2 3 w 2 , and a 3 3 w 3 are in the same plane.
Link velocity analysis
Taking the derivative of left side of equation (7) with respect to time, we get the velocity of the point of the joint A i
where v is the linear velocity vector of the moving platform, and
Equation (21) can be described in the coordinate system B i À x i y i z i
where
Taking the derivative of right side of equation (7) with respect to time and describing the result in the coordinate system B i À x i y i z i , we get the velocity of point of joint A i
where B i v i is the angular velocity of the ith limb described in the coordinate system B i À x i y i z i .
Taking the cross product of both sides of equation (24) with B i w i and substituting
Substituting equation (23) into equation (25), we get
represent the screw matrix and
denotes the link Jacobian matrix of the ith limb which maps the velocity vector of the moving platform in the task space into the angular velocity vector of the ith limb described in the coordinate system B i À x i y i z i .
Since the central limb is fixed on the base platform, we can get
The linear velocity of the center of mass c i1 in the ith limb described in the coordinate system B i À x i y i z i is
Substituting equation (26) into equation (30), we get
is the link Jacobian matrix which maps the velocity vector of the moving platform into the linear velocity vector of the center of mass c i1 .
For the central limb, we can get
By rewriting equations (26), (28), (32), and (34) in the matrix form, we get
The linear velocity of the center of mass c i2 in the ith limb described in the coordinate system B i À x i y i z i is
Substituting equation (26) into equation (37), we get
is the link Jacobian matrix which maps the velocity vector of the moving platform into the linear velocity vector of the center of mass c i2 .
Acceleration analysis
Taking the derivative of equation (9) with respect to time, we get
Taking the dot product of both sides of equation (43) with w i , we obtain
By rewriting equation (44) in the matrix form, we get
where _ v is the acceleration of the moving platform along the central limb, and
From equation (26) and from equations (45) to (48), the joint acceleration related to the velocity of the moving platform is proportional to the square of the magnitude of the velocity of the moving platform.
Link acceleration analysis
Taking the derivative of equation (24) with respect to time and describing the result in the coordinate system B i À x i y i z i , we get the acceleration of the point of the joint A i
Taking the cross product of both sides of equation (49) with B i w i and substituting
where _ v is the angular velocity vector of the moving platform.
Taking the derivative of equation (30) with respect to time and describing the result in the coordinate system B i À x i y i z i , we get the linear acceleration of the center of mass c i1 in the ith limb
Substituting equation (50) into equation (52), we obtain
Taking the derivative of equation (37) with respect to time and describing the result in the coordinate system B i À x i y i z i , we get the linear acceleration of the center of mass c i2 in the ith limb
Substituting equation (50) into equation (55), we get
Jerk analysis
Taking the derivative of equation (43) with respect to time, we obtain q ...
Taking the dot product of both sides of equation (58) with w i , we get
By rewriting equation (59) 
where € v and € v denote the linear jerk scalar along the central limb and the angular jerk vector of the moving platform, and
From equations (11), (26), (50), and (60)-(62), the joint jerk related to the velocity of the moving platform is proportional to the cubic of the magnitude of the velocity of the moving platform.
Inverse rigid-body dynamics

Applied and inertia moments
The resultant of applied and inertia forces exerted at the center of mass of the moving platform can be described in the coordinate system B 0 À xyz by
where m, g, f e , and n e denote the mass of the moving platform, the acceleration of gravity, the external force, and moment exerted at the center of mass of the moving platform, respectively.
is the inertia matrix of the moving platform about the center of mass in the coordinate system B 0 À xyz, and _ v c is the acceleration of the center of mass of the moving platform. When the rotation point A 0 is not the center of mass of the moving platform, we get
where r A 0 C is the vector from the point of joint A 0 to the center of mass of the moving platform, we can obtain
when the point of joint A 0 and the center of mass of the moving platform are the same point, we can get v c = v and _ v c = _ v. For the ith strut which is connected with the base platform, the resultant of applied and inertia forces exerted at the center of mass can be described in the coordinate system B i À x i y i z i
where m c i1 is the mass of the ith strut connected with the base platform and B i I c i1 is the inertia matrix of the ith strut about the center of mass in the coordinate system B i À x i y i z i .
Similarly, for the ith strut which is connected with the moving platform, the resultant of applied and inertia forces exerted at the center of mass can be described in the coordinate system B i À x i y i z i
where m c i2 is the mass of the ith strut connected with the moving platform and B i I c i2 is the inertia matrix of the ith strut about the center of mass in the coordinate system B i À x i y i z i .
Due to the rotation motion for lead screw, coupler, and motor, the resultant of applied and inertia forces exerted at the screw-coupler-rotor can be obtained
where t i is the input torque actuated by the motor; I LCMi is the total rotary inertia of the lead screw, coupler, and motor rotor; € u i is the angular acceleration of the motor rotor; and
where p i is the lead of the linear ball screw and j i is the reduction ratio.
Driving torque
Extending the principle of the virtual work from the static to the dynamic case with the D'Alembert's principle, we can get
Substituting equation (69) into equation (72), we get
From equations (11), (36), (39), and (65), the relationships between the virtual displacement du, d
B i x c i1 , d
B i x c i2 , dx c , and the virtual displacement dx can be obtained
where dx c is the rotational virtual displacement and the virtual displacement consists of the translational virtual displacement of the center of mass of the moving platform; dx is the rotational virtual displacement of the moving platform and the virtual displacement of the point of joint A 0 . Substituting equations (81)- (84) into equation (73), we get
Since equation (85) is always valid for any virtual displacement dx, it must follow
Substituting equation (77) into equation (86), we get
Substituting equations (63) and (67)-(69) into equation (87), we obtain
Substituting equations (12), (26), (50), (53), (56), (57), and (66) into equation (88), we get
where t mov , t lmov , t lbase , and t LCM are the torques related to the moving platform, strut connect with the moving platform, strut connected with the base platform, and motor rotor-coupler, respectively. t a , t v , t g , and t e are the torques related to the acceleration, velocity, gravity, and external force components, respectively. M(x) is the generalized inertia matrix which maps the acceleration of the moving platform into the driving torque
From equation (26), (50), (53), (55), and (88), the driving torque related to the velocity of the moving platform is proportional to the square of the magnitude of the velocity of the moving platform.
Driving power
The instantaneous required driving power of the ith actuating joint can be calculated by
where t i and _ u i are the driving torque and angular velocity of ith actuating joint, respectively.
Substituting equation (89) into equation (91), we obtain
where P imov , P ilmov , P ibase , and P iLCM are the respective power components related to the moving platform, strut connected with the moving platform, strut connected with the base platform, and motor rotor-coupler. P ia , P iv , P ig , and P ie are the respective required powers of the ith actuating joint related to the acceleration component of torque, velocity component of torque, gravity component of torque, and external force component of torque, respectively. From equations (26), (50), (53), (55), (88), and (91), the driving power related to the velocity of the moving platform is proportional to the cubic of the magnitude of the velocity of the moving platform. From equations (45), (50), (53), (55), (60), (88), and (91), there are linear relationships between the acceleration of the moving platform and the components of the joint acceleration, joint jerk, driving torque, and driving power, which are related to the acceleration of the moving platform.
Energy consumption
From the work-energy theorem and the concept of integral, the required output work generated by the ith driving motor during a specific motion period can be calculated by
where t s is the start time and t e is the end time of the motion. Equation (94) can be implemented by the following numerical integration
And num is the number of the intervals, in general
where n is a positive integer. The error of the numerical computation should satisfy
where e is the maximum allowable numerical computation error and n 1 is the positive integer selected for the numerical integration.
Example
The numerical example for the computation of the position, velocity, acceleration, jerk, torque, power, and energy consumption for the 3UPS-PRU parallel robot is provided in this section when the trajectory of the moving platform is assigned. The parameters of the 3UPS-PRU parallel robot are given in Tables 1-4 . The distance from the point of joint A 0 to the center of mass of the moving platform is r A 0 C = 0:005 m. The trajectory of the moving platform is assigned as
where a r max = 0:2 rad=s 2 , S r = 0:2 rad, S t = 0:15 m, a t max = 0:15 m=s 2 , t = t=T , T = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 7:513188S r =a r max p . The variations of the position, velocity, acceleration, and jerk of the actuating joints are shown in Figure 4 . It is shown in Figure 4 that the position, velocity, acceleration, and jerk of the second actuating joint are larger than those of the other three actuating joints. The velocity, acceleration, and jerk of the actuating joints are zeros at the start time and the end time of the specific motion period.
The total driving torques and the driving torques related to the acceleration, velocity, and gravity are shown in Figure 5 . The effects of the external force on the driving torques are not considered since the relationship between the driving torque and the external force is simple. It is shown in Figure 5 that the total driving torque and the driving torques related to the acceleration, velocity, and gravity of the central limb are larger than those of the other three limbs due to the gravity of the moving platform. For the three outer limbs, the torque related to the acceleration is larger than the torques related to the velocity and gravity.
The driving torques related to the moving platform, motor rotor-coupler, strut connected with the moving platform, and strut connected with the base platform are shown in Figure 6 . It is shown in Figure 6 that the driving torques related to the moving platform, strut connected with the moving platform, and strut connected with the base platform of the central limb are larger than those of the three outer limbs. The torque related to the moving platform is largest for the central limb. The torques related to the strut connected with the moving platform are larger than the torques related to the strut connected with the base platform.
The required driving powers of the actuating joint and the driving powers related to the acceleration component of torque, velocity component of torque, and gravity component of torque are shown in Figure 7 . It is shown in Figure 7 that the driving power of the central limb is larger than those of the three outer limbs. For the central limb, the driving power is dominated by the component related to the gravity component of torque in the simulation.
The driving powers related to the moving platform, motor rotor-coupler, strut connected with the moving platform, and strut connected with the base platform are shown in Figure 8 . It is shown in Figure 8 that the driving powers related to the moving platform, motor rotor-coupler, strut connected with the moving platform, and strut connected with the base platform of the central limb are larger than those of the three outer limbs. The power related to the moving platform is largest for the central limb. The powers related to the strut connected with the moving platform are larger than the powers related to the strut connected with the base platform. For the three outer limbs, the powers related to the strut connected with the moving platform are the largest, the powers related to the strut connected with the base platform take the second place, and the powers related to the moving platform and motor rotor-coupler are the smallest.
From the numerical technique, when the moving platform translates and rotates along the pre-defined trajectory presented in equation (99), the required output work generated by the ith driving motor can be achieved by equation (95). The positive integer n = 14 and the approximation error e = 10 À6 are selected for the numerical integration computation. For the predefined trajectory, the required output work generated by the ith driving motor and the sum considering all four motors are shown in Table 5 . It is shown in Table 5 that the required output work generated by the central motor is largest. The required output work generated by the three outer motors is small due to the support by the central limb and the self-balance of the moving platform.
Conclusion
This article presents the inverse kinematics and rigidbody dynamics for a 3UPS-PRU parallel robot. The kinematics and rigid-body dynamics have been formulated and investigated in an exhaustive decoupled way.
In the inverse kinematics analysis, the position, velocity, acceleration, jerk, and singularity have been considered. The driving torque, driving power, and required output work of motors have been computed in the inverse rigid-body dynamics analysis. The required output work generated by the driving motor is achieved by numerical integration technique. For the pre-defined trajectory, the required output work generated by the driving motor is achieved by numerical integration technique. The inverse kinematics and rigid-body dynamics have been investigated in an exhaustive decoupled way. There is a linear relationship between the velocity vector of the moving platform and the joint velocity vector. The components of the joint acceleration and driving torque, which are related to the velocity of the moving platform, are proportional to the square of the magnitude of the velocity of the moving platform. The components of the joint jerk and driving power, which are related to the velocity of the moving platform, are proportional to the cubic of the magnitude of the velocity of the moving platform. There are linear relationships between the acceleration of the moving platform and the components of the joint acceleration, joint jerk, driving torque, and driving power, which are related to the acceleration of the moving platform.
